The solar wind carries magnetic flux from the photosphere into the heliosphere, making it topologically open in the corona. Open magnetic flux is unevenly distributed at the solar surface, but at some distance in the outer corona it becomes uniformly distributed and approximately radial. Standard potential field models do not provide such uniform distribution of open flux in the heliosphere. A new technique for mapping open magnetic flux is presented here that addresses this deficiency and provides a simple tool to map any initial configuration of photospheric footpoints into the heliosphere. This technique is designed to result in a uniform open flux distribution in the heliosphere and is especially useful for models that include open flux emerging from topologically closed regions. We compare with observations of proton speed to quantify the amount of open flux emerging from these regions. We find that if the slow solar wind originates from topologically closed regions, then the open flux coming from these areas must form a significant component of the heliosphere. We explain this new methodology and discuss its application throughout the solar cycle.
INTRODUCTION
Open magnetic field lines are portions of the solar magnetic field that are carried out to the heliosphere by the solar wind and are the pathway through which solar wind plasma and energetic particles escape from the corona. An important objective of solar and heliospheric research is to map these open field lines back to their locations of origin on the solar surface; but due to its topological diversity, its time evolution on multiple scales, and our lack of understanding of coronal heating processes, there is a great deal of difficulty involved for those who attempt to model the magnetic field of the Sun. A model must be able to predict how closed flux, such as solar loops and streamers, relate to open flux. It also must provide a way for stationary plasma to accelerate to supersonic speeds, transition from regions dominated by collisions to a collisionless regime, and describe an environment of low plasma near the Sun and higher plasma far from the Sun (Parker 1958; Schunk & Nagy 2000) . There are a number of different approaches to modeling the magnetic field of the Sun, including magnetohydrodynamic (MHD) and potential field models.
The first of these types of models describes the coronal magnetic field by solving the MHD equations to steady state. MHD models are extremely useful and are considered by many to be the ideal tool for describing the coronal and heliospheric environment. The models face some difficulty, however, since the computational resources required for a detailed global model are often prohibitive and since the process of coronal heating is currently not understood well enough to be modeled accurately. Even with these limitations, there have been many productive studies carried out using these types of models (e.g., Lionello et al. 2005; Roussev et al. 2003; Suess et al. 1999; Manchester et al. 2004 ). The models have recently become available to a broader community through modeling centers such as the Community Coordinated Modeling Center (CCMC).
The main focus of this paper deals with the second type of model, the potential field source surface (PFSS) model. The details of this model can be found in papers by Altschuler & Newkirk (1969) and Schatten et al. (1969) , but are summarized here. In a standard PFSS model, a spherical surface is chosen at some distance r ¼ R ss from the center of the Sun and is assigned to be the source surface of the solar wind. The source surface is imposed to simulate effects not included in the model, such as the velocity field and gas pressure. Between the solar surface and the source surface (R < r < R ss ), the corona is assumed to be current free ( : < B ¼ 0). When global currents are neglected, a potential field can be calculated and traced using solutions of the Laplace equation in terms of Legendre polynomials (Altschuler & Newkirk 1969) or by using a Green's function solution to the Maxwell equations (Schatten et al. 1969 ). The potential is assumed to be zero at the source surface, forcing the magnetic field into the radial direction, but still allowing its magnitude to vary in latitude and longitude. Beyond the source surface, localized currents are assumed to exist as the solar wind drags and bends the magnetic field.
There are different possibilities for an inner boundary condition, including a radial or nonradial magnetic field. If we assume that the observations of the photospheric magnetic field are made at a sufficient depth that the field is oriented radially (Wang & Sheeley 1992 ), then we can set the inner boundary condition as such and use the equations found in the work of Altschuler & Newkirk (1969) to approximate the vector magnetic field in the entire current-free region. The field distribution in this region represents an implicit force balance between magnetic tension and magnetic pressure, subject to the constraint imposed by the radial field condition on the source surface. While the source surface modifies the field in the current-free region in a way similar to introducing gas pressure forces, MHD simulations have shown that these imposed pressure forces are not necessarily equivalent to the ram pressure and internal pressure of the solar wind (Riley et al. 2006) . Potential field solutions are useful from a computational perspective, as they are easy to implement and do not require the computational resources that a full MHD model requires.
A great deal of research has been performed using potential field models, and the results have proven useful, especially in the context of space weather predictions (e.g., Arge & Pizzo 2000; Liewer et al. 2004; Zhao & Hoeksema 1995; Wang et al. 2000) , but there are approximations and limitations in the PFSS model that must be recognized when interpreting the results (see Luhmann et al. 2002 and references therein) . One is that the model assumes an idealized potential field in a volume that may have nonpotential regions. By utilizing this current-free condition, some information from nonpotential active regions, for example, may be lost at high resolution. The input data also limit the accuracy of this (and any) model, since measurements are only taken near the central meridian. Typically, a full solar rotation is required to capture a global picture of the coronal magnetic field, but by the time a full rotation is completed, some short-lived features on the Sun will have changed. Another limitation comes from the crucial lack of time dependence. Since they are static, potential field models cannot account for evolutionary effects, such as magnetic reconnection, differential rotation, or magnetic field diffusion. A PFSS model also falls short in accounting for the possibility of open flux distributed in low concentrations outside of coronal holes, because this scenario would demand nonzero currents. Note that in this paper the term ''coronal hole'' is used in the heliospheric sense only-a source region of fast solar wind with cool charge states-and the term ''coronal hole boundary'' refers to a boundary between fast and slow solar wind. These limitations will make it impossible to account for coronal loops that heat plasma and release it when they are opened by a passing open field line ( Fisk et al. 1998) , which is a form of interchange reconnection (Gosling et al. 1995; Fisk & Schwadron 2001b; Crooker et al. 2002) . A process such as this can only be modeled in a timedependent setting and provides the primary mechanism for escape of slow solar wind plasma in some theories (e.g., Fisk et al. 1998) . There have been several modifications of the PFSS model to correct some of its shortcomings, such as including the effects of localized current sheets (Wang & Sheeley 1995; Zhao & Hoeksema 1994; Schatten 1971 ) and the use of nonspherical source surfaces (Schulz et al. 1978) . We propose a physics-based magnetic field expansion model that addresses a specific condition revealed by the Ulysses mission, with broad applications for and beyond the PFSS model.
The Ulysses spacecraft made pioneering observations of the heliospheric field at all heliospheric latitudes and found that there was relatively little latitudinal gradient in the radial component (B r ) of the interplanetary magnetic field . This indicates that although open magnetic flux is unevenly distributed at the surface of the Sun, B r becomes uniformly distributed at some distance in the outer corona. As the solar wind carries magnetic flux from the surface of the Sun into the heliosphere, the flux concentration tends to spread in solid angle due to magnetic pressure forces, which tend to equilibrate the radial magnetic flux . PFSS models predict latitudinal and longitudinal gradients in the magnitude of B r that must be corrected to accurately model the Ulysses observations.
We have developed a mathematical mapping tool that can be used in conjunction with standard potential field models or more generalized models and that will lead to a heliospheric field without latitudinal gradients. In x 2, we introduce the technique by giving a detailed derivation and providing conceptual explanations; in x 3 we discuss applications of the technique as applied in conjunction with PFSS models; and x 4 addresses the applicability of this method beyond PFSS models, such as the application proposed by Fisk et al. (1998) which predicts open field lines from topologically closed regions on the Sun.
MATHEMATICAL MAPPING TOOL
Before proceeding with the mathematical derivation of the mapping technique, we discuss it from a conceptual perspective. This technique does not result in an actual trace of a field line through three-dimensional space; the ''trace'' is a purely mathematical reference to connect the final and initial points. The final heliospheric location in latitude and longitude of any initial photospheric open flux is a physical result and should be interpreted as such. The technique is based on the idea that magnetic pressure forces will cause magnetic flux to relax to a state of equilibrium in the heliosphere.
Imagine a spherical surface with concentrations of purely radial, open magnetic flux located in certain localized areas but not anchored in place, as shown in Figure 1a . We should expect that the frozen-in field lines will move with some velocity on the surface as the influence of magnetic pressure causes the field to relax toward equilibrium. A velocity field u ? , which is perpendicular to the radial direction, can be used to follow the displacement of the magnetic field lines until they reach pressure equilibrium, as shown in Figures 1bY1d. The field lines move on a sphere of constant radius, and once the field line motion has stopped, we can record the final latitudes and longitudes of the equilibrated flux.
Since the solar flux is found in concentrations on the Sun and without latitudinal gradients in the heliosphere, we can visualize the relationship of the final and initial locations of flux by radially expanding the sphere. If each time step is mapped onto a successively larger radial shell, we can see, with the help of the velocity field, a three-dimensional view of which footpoint at the Sun connects to which endpoint in the heliosphere. The velocity field that follows field line movement in our conceptual description is referred to in this paper as the ''expansion velocity.'' It is not a physical velocity for plasma flow, or even of field line movement, but is actually related to gradients in the magnetic field, as is shown later. We use the expansion velocity as a mathematical construct that can be found from the configuration of the magnetic field at each time step and can be used to help connect the photospheric and heliospheric positions of a given field line. Following similar assumptions to the PFSS model, we first assume that the field is essentially radial both at the photosphere and at some distance away from the photosphere and varies only tangentially to the radial component, B r (; ). To find the velocity, we assume that as the field lines relax toward equilibrium they expand as a single, coherent fluid with no inherent shear motions. Without shear motions, which would tend to increase the magnetic helicity, each field line will remain next to its neighbor. We also assume that the current sheet acts as a boundary through which no flux can cross. We project the location and shape of the current sheet onto our initial sphere and keep it fixed in position. With these assumptions, the displacement of the field lines from the original location to their equilibrium position is unique, independent of how one executes the expansion.
The expansion velocity u ? is always normal to the radial direction. The requirement of no shear motion can be expressed mathematically as
We also note that when the magnetic flux reaches pressure equilibrium, no further motions occur. This allows us to set a constraint on the expansion velocity:
when : ? B r (; ) ¼ 0; we must have u ? ¼ 0:
We can now deduce a relationship between u ? and the radial component of B:
Here is a constant coefficient characterizing the relation between u ? and B r . It describes the speed at which mathematical diffusion takes place, and since does not describe a physical diffusion, its value is arbitrary (see the Appendix for a more detailed analysis). Notice that when we substitute equation (2) into equation (1), we find that our requirement of no shear motion is fulfilled:
We now focus on the ideal MHD induction equation, which includes the contributions of currents, and restate it from its usual form using vector identities:
The magnetic field does not diverge, so the third term on the right vanishes. We are only concerned with the radial component of B, and the expansion velocity has no radial dependence, so for our purposes the second term on the right also vanishes. The equation now becomes
We can now substitute our relation for u ? from equation (2) into equation (5):
From equation (7), we note that when is taken to be constant, we arrive at a diffusion equation that describes the evolution of the magnetic flux:
We set up our problem on the spherical Gaussian surface surrounded by the current sheet, whose location and shape are projected onto the surface. We assume, as stated above, that magnetic flux does not diffuse across the current sheet, i.e., : ? B r (; ) ¼ 0 at the current sheet. We choose B r (; ) at t ¼ 0, with concentrations of open flux stipulated by PFSS model footpoints, or any other method that can predict the locations of open flux, and assign all closed flux regions with a negligible flux of proper heliospheric polarity, but point out that the technique can work in more general configurations. With this initial setup we can now solve equation (8).
Equation (8) will take any initial configuration of magnetic flux and relax the concentrations of field lines until they are in equilibrium. At each time step, we can calculate the expansion velocity field u ? from equation (2) and determine the total displacement of each field line using
The total displacement, d ; ð Þ, is the displacement from the initial configuration to the final configuration, where the field is uniform. To see a more conceptual representation of how the photosphere would connect to the heliosphere, simply map the u ? at each time step onto successively incrementing radial shells and interpolate between them. Once the relaxation technique has reached equilibrium, the final location of the open flux will be attained. Note that this technique makes no predictions as to the polarity of the field or the radial distance required to reach equilibrium. The displacement defined in equation (9) should not be interpreted as a trace of the physical path of a field line. Rather, it is a convenient method of finding the locations of equilibrated field lines in the heliosphere and linking them to their starting points on the solar surface.
APPLICATIONS FOR PFSS MODELS
To illustrate the use of this mapping technique, we first use an example of a solar magnetic field with all of the open flux footpoints located in the polar regions, consistent with PFSS models during solar minimum, as indicated in Figure 3 . With this layout as the initial configuration and using the boundary conditions as described above, the relaxation technique can be applied until the field reaches equilibrium.
The diffusion is carried out according to equation (8) on a sphere of r ¼ R using the numerical scheme described in the Appendix. The magnetic field diffuses in all directions along the surface of the sphere, with the Neumann boundary condition that there is no diffusion across the current sheet. Once the relaxation is complete, the expansion velocities are calculated using equation (2), and the displacement is mapped onto a radially expanding surface using equation (9), with each time step mapping onto a successively larger radial surface. For a three-dimensional display of the mapping, it is necessary to assign a radial component to the expansion velocity, since the diffusion is only occurring in two dimensions. This component can be obtained by choosing a radial step size and dividing by the size of the time step. Since this technique does not determine the radial distance for which equilibrium is achieved (the diffusion takes place on a unit sphere), the radial step size can be arbitrarily chosen. The result of this sample mapping technique can be seen in Figure 4 . It should be remembered that these are not traces of the actual magnetic field line, but merely a mathematical mapping that connects the physical starting point on the solar surface to its equilibrated physical location in the heliosphere. Nothing between those two endpoints has any physical significance in this model, so the field line ''traces'' in that region cannot be used to interpret observed phenomena, such as coronal loop structures, coronal waves, etc. Although no specification is made as to the radial distance that equilibrium is achieved, the latitudinal and longitudinal locations at the final equilibrium position are rigorously calculated.
The PFSS model has proven useful for finding the location and shape of the heliospheric current sheet and the locations of open flux concentrations on the solar surface (Hoeksema & Suess 1990). For this reason, it will be used as an example of a possible input to our mapping technique. Because of its limitations, however, the PFSS model cannot produce the latitudinally independent field configuration observed by Ulysses. For purposes of illustration, we used Carrington rotations 1911 (solar minimum) and 1964 (solar maximum), whose photospheric magnetic field and computed source surface field maps from the Wilcox Solar Observatory are shown in Figure 5 . The WSO maps are shown to point out areas of high flux concentration on the photosphere and to give a general idea of the shape of the current sheet at the source surface. A comparison is shown between a standard PFSS model and one that is modified by our mapping technique in Figure 6 (CR 1911). The standard model used here is the PFSS routine from the WSA model (Arge et al. 2004 ) using data from the Mount Wilson Solar Observatory. In this model, a 2:5 ; 2:5 grid resolution was used with spherical harmonics truncated above multipole l ¼ 72. For all comparisons in this study, the open flux footpoints from the PFSS model were used as starting points for the new mapping technique. Although the technique makes no determination of the radial distance in which equilibrium is obtained, we scaled the results to use a value of 2.5 R for the purpose of comparing with the potential field model's source surface. Using the same footpoints on the Sun, field lines were traced into the heliosphere using both models. It can be seen that in our technique, the forces of magnetic pressure cause the concentrations of open photospheric flux to expand much more broadly in the heliosphere than a PFSS model predicts. The relaxed field lines map to different locations in the heliosphere than those predicted by the PFSS model, which will lead to a different set of expansion factors.
Magnetic expansion factors are a measure of the divergence of a flux tube from its photospheric source into the corona. These factors are calculated by taking the ratio of field strengths at the photosphere and the source surface, as traced along a field line ( Levine et al. 1977; Wang & Sheeley 1990 ). There have been many studies performed in recent years to test the empirical relationship between expansion factors and solar wind speed, and the results have shown varying degrees of success (e.g., Arge et al. 2004; Whang et al. 2005) . However, the use of magnetic expansion factors does not always lead to accurate predictions of solar wind speeds, as pointed out in the investigation of Poduval & Zhao (2004) . An equilibrated field, such as that detected by Ulysses and mapped in this model, will lead to calculated expansion factors that do not vary greatly in latitude, which vitiates the apparent inverse relation to solar wind speed.
GENERALIZED APPLICATIONS
The most important strength of this technique is its applicability to generalized field conditions. For example, this mapping technique can be applied to any field configuration, including configurations that allow for open flux outside of coronal holes and active region coronal holes (Fisk et al. 1998; Zurbuchen et al. 2000; Woo et al. 2004; Neugebauer et al. 2002) , hereafter referred to as ''distributed flux.'' Many of these models are motivated by the observed characteristic differences between fast and slow solar wind. It has been suggested that this can be understood in the context of a component of open flux which evolves in a transient fashion and is not located in open flux regions commonly predicted by PFSS calculations (e.g., Luhmann et al. 2002; Neugebauer et al. 2002) . The existence of such open flux will affect the heliospheric location of coronal hole boundaries, since their solid angle expansion will be restricted. Such an evolutionary open magnetic flux component has been very difficult to treat using PFSS and MHD models. It will lead to currents, which are forbidden in the first method. The latter method requires the use of time-dependent models which can treat interactions of open and closed flux. Such models are numerically challenging, but progress is being made (see Lionello et al. 2005 Figure 3 , while additional open flux (blue) was distributed smoothly and uniformly around the remaining surface of the Sun. We note that on relaxing to equilibrium, the additional open flux results in coronal hole boundaries located at higher latitudes than they were in Figure 4 , where no open flux was added. This has important implications in solar wind theory: slow solar wind detected at low latitudes would be traveling along the field lines that map to areas of distributed flux, rather than the boundaries of the open flux concentrations at the poles. When comparing the two cases, we can see that this extra flux will lead to a measurable difference in the locations of coronal hole boundaries.
If in situ measurements are made of a coronal hole boundary in the heliosphere (e.g., by differences in composition or other dynamic properties of the solar wind) and the footpoints of this coronal hole boundary are located on the solar surface, then the amount of distributed open flux can be determined using this mapping technique. By adjusting the amount of open flux added on the photosphere in ''closed'' regions, the relaxation technique can be fine-tuned until the modeled coronal hole boundaries match the locations observed in the heliosphere.
A demonstration of this type of application is shown in Figures 8Y10. The locations of open flux footpoints on the photosphere, as determined by the WSA-PFSS model for CR 1964, are given in Figure 8 . Blue and red contour lines indicate negative and positive magnetic polarity, respectively. Without the addition of any distributed flux in areas outside of these open regions, the flux tubes will expand in solid angle until their boundaries approach each other and, where the tubes have opposing polarities, form a current sheet. Such is the case in a standard potential field model. If distributed flux is added, however, the expansion of the tubes is restricted and their boundaries are not allowed to reach the current sheet. Figure 9 shows the heliospheric location of the boundaries when a certain percentage of the total open flux is distributed uniformly in ''closed'' regions, the amount and polarity of which are given in the contour labels. Figure 10 shows the case in which initial conditions consisted of distributed open flux as 70% of the total open flux on the photosphere. Overlaid on these relaxed heliospheric boundaries is a collection of solar wind data from the ACE (near the equator) and Ulysses spacecraft. The green and red vertical lines indicate slow and fast solar wind, and the yellow vertical lines indicate detection of a CME ( L. Zhao 2006, unpublished) . It can be seen that the detection of slow solar wind extends quite far in longitude for both spacecraft. If one adheres to the theory that the slow wind is carried out along distributed flux, one could fine-tune the amount of distributed flux in the initial configuration until the observed boundaries between fast and slow wind matched with the modeled coronal hole boundaries. A comparison between Figures 9 and 10 shows that Ulysses detected a fast/slow wind boundary around longitude 160 Y170 , which would map better to the simulation of 50%Y60% of the total photospheric flux being distributed open flux. A modeler can adjust the amount of distributed flux until the coronal hole boundaries match up with fast/ slow wind observations, thus quantifying the amount of distributed flux that these theories would require to match observations. As with all models, the final results will depend on the information given as input, so care should be taken when computing the initial footpoints of open flux. Both the quality and resolution of the input data will have a significant effect on the final result.
In Figure 10 , it appears from the observations that slow solar wind is, in some areas, coming from regions of strong photospheric open flux concentrations. One would expect that fast wind would be coming from these coronal holes. This discrepancy illustrates that there are other processes taking place which are overlooked in this simple demonstration. It should be mentioned that for this example, no distinction was made between open flux originating from polar coronal holes and open flux coming from active regions; all was classified as fast-wind coronal hole flux. Active region open flux has been investigated as one possible source of slow wind (Gosling et al. 1981; Neugebauer et al. 2002) , and thus should be differentiated from coronal hole flux for a more thorough study. It should also be noted that there are large discrepancies between the open flux footpoints predicted by models overall and the observed coronal holes (in terms of emission in the corona) during the general time of solar maximum used here (de Toma et al. 2005) . To quantify the amount of distributed flux on the photosphere, care must be taken to find Carrington rotations in which the data are more reliable and where the models used to locate footpoints are more in agreement with coronal observations.
In this model, we have also ignored the detailed effects of reconnection, including interchange reconnection (Crooker et al. 2002) . We are assuming that the open flux concentrations on the photosphere expand over the top of distributed open flux and that the flux does not reconnect with underlying loops. This expansion is consistent with solar wind observations, where the solar wind from coronal holes is uniformly fast and has charge states that reflect the cool, small loops at the coronal hole base (Geiss et al. 1995; Schrijver et al. 1998; Feldman et al. 2005) . Another consequence of this picture is that the open flux from regions outside of coronal holes will be bent considerably as it emerges, due to the force of overarching coronal hole flux. Such bends may not persist, and interchange reconnection or canopy diffusion with underlying loops will cause the distributed open flux to become radial in the locations not covered by a coronal hole flux canopy. The heliospheric locations of this distributed open flux will still be the same as those predicted by our mapping technique, but the reconnections near the Sun will cause the photospheric footpoints to change their locations from their original positions to ones located radially beneath the heliospheric locations. There will, of course, be a degree of uncertainty in the exact photospheric location of a footpoint, constrained by the size of the coronal loop with which the field line has reconnected. Further explanation of this purely radial component of distributed open flux can be found in the paper by Fisk & Zurbuchen (2006) .
In this discussion, we have also omitted time-dependent effects, such as the motions due to differential rotation and large-scale diffusion, as they are considered to be slower than the velocities required to equilibrate the magnetic field. Indeed, since the velocities that cause equilibrium result from a frame change, they can be made arbitrarily large. Physically, the field is in equilibrium and the velocities due to differential rotation and actual diffusion are superimposed on the equilibrium position.
CONCLUSIONS
We have introduced a new method to trace open magnetic field lines from the photosphere to the heliosphere. Solar wind measurements have provided requirements and constraints that any physics-based model must be able to address. This mapping technique assumes boundary values consistent with heliospheric observations in that the open flux is pressure balanced, and hence the radial component of the heliospheric field is latitudinally independent. Our mapping does not rely on current-free conditions or on an arbitrary outer boundary, such as a source surface. When compared to a standard PFSS model, we find significant differences in the final locations of coronal hole boundaries. We also find that expansion factors calculated using a uniform field at the outer boundary will have little variation with latitude, so the apparent inverse relation to solar wind speed is not present.
Locations of endpoints in the heliosphere are rigorously calculated in this method, so it can be used as a correction to standard PFSS models to give an equilibrated mapping of the endpoints of magnetic field lines in the heliosphere. If a measurement of a coronal hole boundary were made in the heliosphere, this technique could be used to determine the amount of expansion required to put the boundary at that location and to determine if any distributed open flux exists that will affect the expansion.
A strength of this mapping technique is that it is general enough to be applied to any configuration of photospheric open flux, including one that incorporates distributed open flux-flux located in areas of the Sun that are predicted to be fully closed by many current models. The amount of distributed open flux will have an effect on the heliospheric locations of coronal hole boundaries. Distributed flux can be added at the input of the model and the magnitude fine-tuned until the modeled boundaries match with observed solar wind boundaries. The addition of distributed flux is constrained only by the total amount of open flux detected in the heliosphere. We find that if the slow solar wind comes from this distributed open flux, then there must be a substantial percentage of the total flux located in these areas, perhaps over 50% of the total photospheric open flux at solar maximum.
Regarding the limitations of a static model such as this one, we point out that to accurately determine the source regions of the slow solar wind, factors other than magnetic field magnitude, such as elemental composition (including the FIP effect), charge state composition, and reconnection must be taken into account (von Steiger et al. 2000; Geiss et al. 1995; Fisk 2003; Neugebauer et al. 2002; Fisk & Schwadron 2001a) . 
APPENDIX THE NUMERICAL TECHNIQUE USED IN THIS METHOD
For the diffusion process, we solved equation (8) using an implicit two-dimensional Crank-Nicolson scheme, which is unconditionally stable and second-order accurate in both time and space (Crank & Nicolson 1947 ) . In the conventional notation, the twodimensional numerical scheme using central differencing can be written for a uniform Cartesian grid as 1 þ 2 ð Þu 
where u t i; j is the value of the parameter undergoing the diffusion (B r in this case) at position (i, j ) at time t, and the von Neumann number on a uniform grid is ¼ Á t/ Áx ð Þ 2 . When deriving the two-dimensional Crank-Nicolson scheme in spherical coordinates, the von Neumann number is written as ¼ Át/ rÁ ð Þ 2 , where Á ¼ Á, and the cosine is replaced by the central difference of the sine to remain consistent with the discrete nature of the other terms. Care must be taken at the poles, where the central differencing is replaced by forward or backward differencing. To keep second-order accuracy with forward or backward differencing, the series must be carried
